ABSTRACT Particle size distribution (PSD) measurement based on the static light scattering method has been widely used in the environmental field and combustion diagnostics, such as PM2.5 measurement and combustion process monitoring. The PSD inversion is mathematically related to the Fredholm integral equation of the first kind. Although the Tikhonov regularization algorithm is one of the effective inversion methods to solve the ill-posed linear equation, it still has the disadvantages of excessive smoothness and low accuracy. Thus, a preconditioned Landweber algorithm combined with the Tikhonov regularization theory (the improved algorithm) is proposed in this paper. The Tikhonov regularization theory is used to pretreat the preconditioner B contained in the preconditioned Landweber algorithm. Simulations are conducted to compare the inversion results of the conventional Landweber algorithm, the preconditioned Landweber algorithm, the Tikhonov Chahine algorithm, and the improved algorithm at different signal-to-noise ratios. A CCD-based small-angle forward scattering measurement system is built. A standardized polystyrene microsphere with a diameter of 35.05 µm is used to evaluate the above algorithms. Both numerical and experimental results show that the improved algorithm improves the accuracy of the inversion results and is insensitive to the ring parameter of the detector. The experimental results of the standardized polystyrene microsphere reveal that the relative errors for the median diameter 50 µm are better than 3%. The improved algorithm can provide a highly reliable and stable inversion result.
I. INTRODUCTION
The particle size distribution (PSD) is widely involved in daily life, industrial, and scientific research [1] - [6] . The small-angle forward scattering measurement system has been widely used for the PSD measurement because it is simple, reproducible and easily implemented for online measurement [7] , [8] . In the system, the light scattered by the particles is collected by a conventional photodiode detector array consisting of several separate annular rings. However, there is only one fixed ring parameter for each photodiode detector array, making it inconvenient to change the ring parameter. To solve this problem, a CCD sensor is adopted to receive the scattered light instead of the conventional photodiode detector array. Using the CCD sensor, the ring parameter can be set arbitrarily by the image processing technology to extract the scattered light, and the ring structure can be calculated more accurately [9] .
The PSD inversion is mathematically the solution of the Fredholm integral equation of the first kind, and is also a typical ill-posed problem, which leads to the instability of its direct solution [10] . The inversion methods are generally classified as the independent mode method and the dependent mode method [11] . In the dependent mode method, the PSD is retrieved by updating distribution parameters of the distribution function. This method requires a priori information of the measured particle in advance. In the independent method, the iterative algorithm and the integral transformation are typically used to solve the integral equation.
As a consequence, a priori information of the measured particle is not required [12] . Because a priori information of the measured particle is usually unknown in the actual measurement, the independent mode method is more promising and more broadly applied compared with the dependent mode method [13] .
Presently, the independent mode method has two primary algorithms: the conventional iterative algorithm and the regularization method. The conventional iterative algorithm is usually sensitive to the noise, the ring parameter of the photodiode detector array and the number of iterations because the PSD inversion is a quite ill-posed problem. It is difficult to obtain the stable result. As a result, many scholars have gradually carried out the study of the PSD inversion based on the regularization theory in recent years. Wang presented a linear matrix based on the Tikhonov regularization theory and achieved the stable solution using the relaxation iteration algorithm [14] . Tang used an improved Tikhonov iteration method to retrieve the PSD in the light extinction method [15] . Xu proposed an l 1 -norm-based reconstruction algorithm for the PSD inversion in the Fraunhofer diffraction method [16] . In a previous paper by Cao et al. [17] , the Chahine algorithm in combination with the Tikhonov regularization theory (the Tikhonov Chahine algorithm) was found to be capable of improving the stability and gliding property of inversion results. However, the calculation of the mathematical model based on the Tikhonov regularization theory is time-consuming, and the inversion accuracy is closely related to its regularization parameter and the ring parameter of the photodiode detector array. The Landweber algorithm has the advantage of a simple iterative format and good stability; hence, it is widely used for solving engineering problems [18] , [19] . However, the conventional Landweber algorithm is sensitive to its initial value and has a slow convergence rate [20] .
To solve the above problems of the conventional Landweber algorithm, a modified algorithm that combines Tikhonov regularization theory with the preconditioned Landweber algorithm (the improved algorithm) is proposed to retrieve the PSD. The Tikhonov regularization algorithm and the preconditioned Landweber algorithm are presented and described. Next, the effectiveness and practicability of the improved algorithm are evaluated by simulations and experiments, respectively. Finally, the inversion results retrieved by the conventional Landweber algorithm, the preconditioned Landweber algorithm, the Tikhonov Chahine algorithm and the improved algorithm are compared using two sets of detector parameters.
II. MEASUREMENT PRINCIPLE OF PARTICLE SIZE DISTRIBUTION A. MEASUREMENT PRINCIPLE OF THE LIGHT SCATTERING METHOD
In the implementation of the light scattering method, Mie scattering theory has been widely used in the measurement of the PSD. According to the spatial distribution of the scattered light, the PSD can be retrieved [21] . Mie scattering theory is the rigorous solution of the Maxwell equations for uniform spherical particles illuminated by a parallel monochromatic light beam, and is suitable for the PSD inversion of the complex refractive index [22] . The measurement system of the small-angle forward scattering is shown in Fig. 1 . A beam from the He-Ne laser (with the incident wavelength of λ = 0.6328 µm and the operating power of P = 2.47 mW) is attenuated to approximately 1mW by the polarizer. Next, the laser passes through an extender lens (with the magnification of 4×) so that the laser is collimated, expanded and filtered. The light is scattered by the particles in the sample pool (the cuvette as a sample pool with a cross-sectional area of s = 10 × 10 mm 2 ) and imaged by the main lens (with the focal length is f = 25 mm) on a CCD sensor (1024 × 1280). The ring parameter (ring radius) of the photodiode detector can be predetermined by the particle size range. The relationship between the particle size range and the ring parameter of the detector is expressed as [23] 
where m is the number of rings, r m is the m th ring radius, D m is the particle size corresponding to the m th ring radius, λ is the optical wavelength, and f is the focal length of the lens. Finally, the scattered light intensity of each ring (shown in Fig. 2 ) is calculated by the image processing technique according to the predesigned ring parameter. VOLUME 6, 2018 For the polydisperse particle system under the condition of the irrelevant single scattering, the relationship between the scattered light intensity on the photodiode detector and the PSD can be expressed as [24] 
where m is the number of particle size bins, i 1 (2), it can be expressed in a matrix form as
where T is the coefficient matrix. According to the Picard criteria [25] , the solution of the linear equation (3) can be expressed in a singular system as
where ' ' is the transpose, β i is the singular value of the matrix T, and β 1 ≥ β 2 ≥ β 3 ≥ · · · ≥ 0, u i and v i are the feature vectors of the matrix T. The singular value β i of the coefficient matrix T tends to be zero because T is a large and serious ill-conditioned matrix. Thus, the inversion result retrieved by the conventional inversion algorithm deviates from the real value. Therefore, the Tikhonov regularization theory is introduced to improve the linear equation, which can be expressed as [14] 
where α is the regularization parameter. According to the Picard criteria, the solution of equation (5) can be expressed in a singular system as [26] 
The denominator of equation (6) tends to zero at a slower rate than the denominator of equation (4) because of the filter factor q Tik (α, β i ). This is useful for the stability of the solution.
B. PRECONDITIONED LANDWEBER ALGORITHM
Lu proposed a preconditioned Landweber algorithm for the computation of ECT imaging reconstruction [27] . The algorithm can be expressed as
where k is the number of iterations, ω is the relaxation factor and B is the preconditioner. Equation (8) can also be expressed in a singular system form as [28] 
where q L (k) is the filtering factor related to the number of iterations k, and σ i is the singular value of the preconditioner B.
The
The singular value σ i of the preconditioner B is given by
where l = 1, 2, 3, . . . , γ is a constant, γ > 0. The calculation of the preconditioner B is critical to improving the convergence rate and the inversion accuracy of the Landweber algorithm [20] . However, the inversion result retrieved by the above preconditioned Landweber algorithm has the problems of burrs, false peaks and concussion. This leads to the deviation of the retrieved PSD from the real value. Therefore, a modified method for solving the preconditioner B based on the Tikhonov regularization theory is proposed in this paper. A new singular value β i is achieved by the singular decomposition of the matrix (T T + αL L) of equation (5) . The constant γ is determined by
The initial value of the improved Landweber algorithm can be expressed as
The choice of the regularization parameter is very important for the Tikhonov regularization theory and is also crucial for improving the preconditioned Landweber algorithm. Presently, the Generalized Cross-Validation (GCV) and the L curve method are widely used to calculate the regularization parameter [29] . Both the GCV method and the L curve method have their own advantages and disadvantages [16] . In general, the regularization parameter calculated by the GCV method is greater than that calculated by the L curve. A larger regularization parameter results in an extremely smooth PSD, causing an increase of the PSD width and a loss of the detail of the PSD. This problem usually occurs in the inversion of the bimodal PSD. However, a smaller regularization parameter results in a concussive PSD, especially when the scattered light is strongly influenced by the noise. This problem usually occurs in the inversion of the unimodal PSD. As a consequence, the GCV method is used in the case of the unimodal PSD in this paper. The inversion flowchart of the PSD is shown in Fig. 3 .
III. SIMULATION AND ANALYSIS
To verify the effectiveness of the improved algorithm, simulations are performed for the homogeneous spheroidal PSD that obeys the unimodal Johnson's SB distribution. Johnson's SB function distribution can be expressed as [30] 
where dt is the distribution parameter, M is the mean diameter of the particles, D is the particle diameter, and D min and D max are the minimum and maximum values of the particle size range, respectively. The simulation parameters are shown in Table 1 . The particle size ranges from 1µm to 100 µm and is divided into 35 subintervals in the form of the arithmetic sequence
and 35 subintervals in the form of the geometric sequence
. The ring parameter of the detector is calculated by equation (1) . The relative error (Re) is used to characterize the accuracy of the retrieved PSD and can be expressed as [31] 
where W set is the theoretical weight frequency distribution, and W inv is the retrieved weight frequency distribution. The standard deviation (Sd) is used to characterize the stability of the algorithms. The inversion results are shown in Tables 2-3 and Figs. 4-5. Table 2 shows the inversion results when the particle size interval is divided into 35 subintervals in the form of the arithmetic sequence. The relative errors retrieved by the conventional Landweber algorithm, the preconditioned Landweber algorithm and the Tikhonov Chahine algorithm are found to be more than 20% at various SNRs. However, the relative errors retrieved by the improved algorithm are within 20%. Compared with the above three regularization algorithms, the improved algorithm has higher accuracy. In addition, the standard deviation is acceptable. Fig. 4 shows the comparisons of the unimodal PSD retrieved by the four algorithms when SNR=60dB. The improved algorithm can provide more accurate and reasonable PSDs compared with the other three regularization algorithms. The PSDs retrieved by the conventional Landweber algorithm are quite smooth. The PSDs retrieved by the preconditioned Landweber algorithm have some tiny peaks in the initial position of the PSD. The Tikhonov Chahine algorithm gives the concussive PSDs. Table 3 shows the inversion results when the particle size interval is divided into 35 subintervals in the form of the geometric sequence. The preconditioned Landweber algorithm is found to have poor inversion accuracy. With the increase of the noise, the improved algorithm and the Tikhonov Chahine algorithm can provide good inversion results. Fig. 5 shows comparisons of the unimodal PSD retrieved by the four algorithms when SNR=60dB. The results of the comparisons indicate that the PSDs achieved by the improved algorithm VOLUME 6, 2018 TABLE 2. Inversion results when the particle size interval is divided into 35 subintervals in the form of the arithmetic sequence. TABLE 3. Inversion results when the particle size interval is divided into 35 subintervals in the form of the geometric sequence. From Tables 2, 3 and Figs. 4-5, the improved algorithm is more flexible and can better adapt to the two sets of the detector parameters compared with the other three regularization algorithms. Fig. 6 shows a CCD-based small-angle forward scattering measurement system. Its working principle and instrument parameters are presented and described in detail in section II. A standardized polystyrene microsphere with diameter of 35.05 µm is dispersed in water and then tested. Fig. 7 (a) presents the scattered image of the sample pool without particles (the background image). The scattered image of the particles in the sample pool is shown in Fig. 7 (b) . Fig.7 reveals that the level of the scattered light is very high in the focus area. Therefore, the pixels in the center of the CCD sensor will become overexposed, and even overfilled. This overexposure causes a dark spot in the center of the CCD sensor and saturates the pixels in the surrounding area of the dark spot. As a result, in the design of the ring parameter, the inner radius should be designed to be slightly larger than the saturated zone.
IV. EXPERIMENTAL RESULTS AND DISCUSSION
According to equation (2), the scattered light distribution E must be achieved before retrieving the PSD. In fact, Fig. 7 (b) contains the background signal and the actual scattered light signal. To obtain the actual scattered signal, the background image shown in Fig. 7 (a) should be deducted from the image shown in Fig. 7 (b) . Next, the actual image can be divided into several rings according to the ring parameter and the center coordinate. The average gray value of each ring is calculated and is taken as the scattered light distribution E. Subsequently, the inversion algorithms are performed VOLUME 6, 2018 according to the scattered light distribution. The inversion results of the standardized polystyrene microsphere with diameter of 35.05 µm are shown in Fig. 8 and Table 4 . The relative errors for the median diameter 50 µm (D 50 ) are calculated.
It can be seen from Fig. 8 and Table 4 that the conventional Landweber algorithm and the preconditioned Landweber algorithm cannot provide reasonable inversion results. Although the relative errors of the median diameter retrieved by the conventional Landweber are better than 4%, the PSDs are extremely smooth. Some tiny peaks are retrieved by the preconditioned Landweber algorithm. The relative errors retrieved by the Tikhonov Chahine algorithm and the improved algorithm are better than 4%. However, when the particle size interval is divided into 35 subintervals in the form of the arithmetic sequence, there are some false peaks in the middle of the PSD retrieved by the Tikhonov Chahine algorithm. Compared with the other three regularization algorithms, the improved algorithm can be adapted to the above two ring parameters. The problems of burrs, false peaks, concussion, etc. are not presented in the above two ring parameters.
V. CONCLUSIONS
In this paper, a modified preconditioned Landweber algorithm combined with the Tikhonov regularization theory was proposed for the PSD inversion. The preconditioner B and the constant γ were recalculated according to a new linear equation based on the Tikhonov regularization theory. In the simulations, the inversion results of the conventional Landweber algorithm, the preconditioned Landweber algorithm, the Tikhonov Chahine algorithm and the improved algorithm were presented and compared at different detector parameters. A standardized polystyrene microsphere with diameter of 35.05 µm was tested experimentally. Simulation and experimental results showed that the improved algorithm can provide a high-precision solution using two sets of the detector parameters. Through comparisons and analysis of the inversion results, the improved algorithm is more reliable and stable at different the detector parameters. The improved algorithm is rapid, simple and reliable.
